The article proposes a multi-attribute decision making (MADM) approach, which is applied to the problem of optimal selection of the investment projects. This novel methodology comprises two stages. First, it makes ranking of projects based on TOPSIS (Technique for Order Preference by Similarity to Ideal Solution) method presented in hesitant fuzzy environment. We consider the case when the information on the weights of the attributes is completely unknown. The identification of the weights of the attributes is made in the context of hesitant fuzzy sets and is based on the De LucaTermini information entropy. The ranking of alternatives is made in accordance with the proximity of their distance to the positive and negative ideal solutions. Second stage of the methodology allows making the most profitable investment in several projects simultaneously. The decision on an optimal distribution of allocated investments among the selected projects is provided using the method developed by the authors for a possibilistic bicriteria optimization problem. An investment example is given to illustrate the application of the proposed approach.
Introduction
Investment decision making is based on the various special methods. Further advancement in the field led to the application of the probabilistic approach to the assessment of investment decisions [1] , [2] . Along with that, many other methods were developed based on possibility analysis [3] and fuzzyset approach [4] - [10] .
When there is not enough objective data, or the data is not present to make the investment decision, experienced experts (decision makers -DMs) are commissioned to solve the problem. In this case, knowledge and intellectual activities of the experts produce expert data. Thus, the analysis of investment projects involves experts' evaluations that may become dominant in decision making process.
A multi-attribute decision-making (MADM) problem deals with a selection of one alternative (decision) or several ranked alternatives involving multiple attributes. From this perspective, the investment decision-making is a MADM problem.
Because of the inherent uncertainty of expert preferences, as well as due to the fact that objects can be fuzzy and uncertain, evaluations of attributes involved in the decision making problems most often are expressed in fuzzy numbers, triangular fuzzy numbers, confidence intervals, linguistic variables, intuitionistic fuzzy values, hesitant fuzzy elements, interval-valued hesitant fuzzy elements and so on. In this connection, many well-known MADM methods have been extended to take into account fuzzy types of attribute values [11] , [12] .
Nowadays there exists a large amount of literature on the theory of hesitant fuzzy sets (HFS) and their application in MADM. This paper describes novel approach, which differs from other studies and is developed based on hesitant fuzzy TOPSIS decision making model with entropy weights. The case with completely unknown weights of the attributes is examined. The attributes weights are obtained by applying De Luca-Termini non-probabilistic entropy concept [13] , which is considered in the context of hesitant fuzzy sets. After that, a fuzzy hesitant TOPSIS method is applied to rank the alternatives. The developed method is applied to evaluate and rank projects in order to identify highquality projects for investment. The method is described in Section 3.
In practice, the capital is frequently invested in several projects simultaneously, each of them requiring a different credit amount. At the same time, the total investment amount is predetermined and fixed. In such cases, it becomes necessary to decide which of the projects and to what extent should share the initial investment amount. On the basis of the fuzzy hesitant TOPSIS method the projects group ranking maximum criteria is constructed. Taking into account the levels of ranking of projects group and also considering initial investment amount the possibilistic bicriteria optimization problem [14] - [17] is applied for the most advantageous investment in several projects simultaneously. From each group the projects with maximum ranking are selected, which allows for gaining maximum profit for the investment fund. The method is discussed in Section 4.
The research of the authors resulted in a new methodology and, consequently, software package development. The software package, which is based on the combined approach, was used in investment tender and supported the decision making. In Section 5 the authors provide an example clearly illustrating the work of the proposed methodology.
Preliminaries
Hesitant fuzzy set (HFS) was introduced by Torra and Narukawa in [18] and Torra in [19] as a generalization of a fuzzy set. In HFS the degree of membership of an element to a reference set is presented by several possible fuzzy values. This allows describing situations when DMs have hesitancy in providing their preferences over alternatives. The HFS is defined as follows: Definition 1. [18, 19] . Let X be a finite reference set, a hesitant fuzzy set E on X is defined in terms of a function 
It 
, it is necessary extend the shorter one by adding any value in it, until both will have the same length. The choice of this value depends on the DMs' risk preferences. Optimists DMs' may add the maximum value from HFE, while pessimists may add the minimal value.
In this work the hesitant weighted Hamming distance is used that is defined by following formula 
where ( )
h and 2 h are two HFEs. Based on score function it is possible to make ranking of HFEs according to the following rules: A HFS i A of the i th alternative on X is given by 
, and j w is the importance degree of j th attribute.
Then a hesitant MADM problem can be expressed in matrix format as follows
where H is the hesitant decision matrix, each element of which represents a HFE ij h .
Determination of the attributes weights using De Luca-Termini entropy
Complexity and uncertainty of investment decision making problems leads to the fact that the information about attributes weights is usually incomplete or completely unknown. Here the case when the attributes weights are unknown is considered.
In this study, to identify weights of the attributes we employ objective weights method, in particular, the entropy method based on De Luca and Termini entropy concept [13] that is proposed in the context of hesitant fuzzy sets. We choose the entropy weights method based on De Luca and Termini entropy due to the fact that it is a classical entropy method for cases where expert information is processed.
De Luca and Termini [13] defined a non-probabilistic entropy formula of a fuzzy set based on Shannon's function on a finite universal set
The attributes weights definition method based on the De Luca-Termini entropy can be described as follows:
Step1: Calculate the score matrix 
Step3: Determine the attributes weights. By using De Luca-Termini normalized entropy in context of hesitant fuzzy sets 
the definition of the attributes weights is expressed by the formula
where the value of j w represents the relative intensity of j x attribute importance.
Hesitant fuzzy MADM approach based on TOPSIS method
The idea of TOPSIS method as applied to the problem of MADM is to choose an alternative with the nearest distance from the so-called positive ideal solution (PIS) and the farthest distance from the negative ideal solution (NIS).
This Section presents a MADM approach based on the hesitant fuzzy TOPSIS with entropy weights model (proposed in Section 3 -Subsection 3.1). Different from existing extensions of TOPSIS under hesitant fuzzy environment, here the attributes of both types are considered: as attributes of benefit type, as well as attributes of cost type.
The algorithm of practical solving an investment MADM problem can be formulated as follows:
Step1: Based on the DMs hesitant evaluations construct the aggregate hesitant decision matrix 
where J ʹ is associated with a benefit attributes, and J ʹ ʹ -with a cost attributes.
Step4: Using (2) calculate the separation measures 
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Problem of the Investment's Optimal Distribution
Assume that after evaluation the projects with hesitant fuzzy TOPSIS method, there are n ranking projects, and for each alternative (project) j A the ranking level j δ of its choice is calculated.
We consider the issue of possible financing of the projects in ℓ years. Let's assume there are additional conditions for financing the projects. In particular, it is known that for financing of j th project In practice, the amount of funding, as a rule, is insufficient to satisfy all projects. Therefore, it is supposed that for at least one
Considering the listed constraints, we have to find an answer to the question as to which of the chosen projects should be financed to get a maximum investment profit at a minimum risk.
We offer the following solution of the problem. To solve this problem we apply the method developed by the authors for possibilistic bicriteria optimization problems [16] , [17] .
If we introduce a Boolean variables
In other words X is the set of all Boolean vectors satisfying the conditions of the bicriteria optimization problem. Then by considering the scalar optimization problem max ) 1 (
with conditions (iii), where λ is a weighted parameter, we can find, in the general case, some Pareto optima [14] - [17] . Thereby, the bicriteria optimization problem can be solved by linear convolution of criteria.
An example of the Application of Fuzzy Decision Making Approach
We have developed a software package supporting decision making for optimal credit granting. The decision making block consists of two main soft computing modules: the first provides the software platform for the application of the hesitant fuzzy TOPSIS method, and the second is used to solve a bicriteria optimization problem.
The software was tested on concrete data. The required information was provided by the group of 4 experts -expert commission -from the Bank of Georgia and filtered according to our demands after consultations with the managers of the Bank's crediting department.
Comparison and Ranking the Projects Using the TOPSIS method
Suppose that in the competition for investment five construction companies are involved. The group of DMs evaluates the investment projects taking into account the six attributes, by which the experts will score each candidate seeking an investment: (7) and (8) 
This means that when investing the capital only in one project, DMs prefer to the investment project 4 A , i.e. the project 4 A receive investment.
Frequently, the investment amount has to be distributed among several projects. We can do this in the second stage of the proposed approach.
Problem of the Optimal Distribution of Investment
Using the formulas (12)- (13) we will deal with the possibilistic bicriteria optimization problem allowing for the most profitable investments into a number of projects.
Bank considers an investment that totals to $ 150 million over four years (  4  ,  3 (see Table 2 ): We use obtained distribution of projects ranking levels (14) , the information given in Table 2 , and solve problem (12)- (13) . The objective functions guaranteeing, respectively, maximum ranking levels of the selected projects and a maximum profit are as follows: 
Using the relation 
By solving problem (12)- (13) ) is given a credit and investment over the years is $ 38 million in the first year, $ 40 million in the second and the third years, and $ 29 million in the fourth year, the bank will gain $ 85 million profit in four years.
If the group of projects (
) is given a credit and investment over the years is distributed as -$ 36 million in the first year, $ 38 million in the second year, $ 40 million in the third year, and $ 25 million in the fourth year -in four years a total profit of the bank will be $ 83 million. 6 
Conclusion
In this paper the novel approach for solving MADM problem based on hesitant fuzzy TOPSIS method with entropy weights is developed.
In our methodology have been used new aspects. We proposed a novel attribute weighting method in context of hesitant fuzzy sets. It is based on De Luca and Termini information entropy to express the relative intensities of attribute importance and to determine the weights of attributes. There are many methods of the applicability of the TOPSIS approach under hesitant environment. In our work we proposed the formulas to calculate PIS and NIS, which take into account as the attributes of a benefits type, as well as the attributes of a cost type.
The developed approach was applied in the problem of investment decision making with the aim of optimal distribution of investment among several of projects. The decision on an optimal distribution of investments is provided on the basis of the method developed by authors for possibilistic bicriteria optimization problems.
Based on proposed two-stage methodology we have developed software package, which is used in real investment decision making problem. The application and testing of the software was carried out based on the data provided by the "Bank of Georgia". The results are illustrated in the example.
